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ABSTRACT

Evers, George I.An_Automatic Regrouping Mechanism f@eal with Stagnation in

Partice Swarm OptimizationMasterof Science (MS), May, 2009, 9&p., 10 tables, 32

illustrations,31 references, @itles.

Particle Swarm Optimization (PSQyhich wasintended to be a populatidrased global
search methods known to suffer from prematureivergenceorior to discovering the

true global minimizer. Inhis thesisa novel regrouping mechanism is propgsshich

aims to liberate particles from the state of premature convergeitgs is doneby
automaticallyregrouping the swarnonce particds have converged to within a pre
specified percentage of the diameter of the search sp&be degree of uncertainty
inferred from the distribution of particles at premature convergence is used to determine
the magnitude of the regrouping per dimensiohhe resulting PSO with regrouping
(RegPSQ providesa mechanism more efficient than repeatedly restarting the search by
making good use of the stabé the swarmat premature convergence. Results suggest
that RegPSO is less problaependent and conseaquly provides more consistent

performancehan the comparison algoritts across the benchmark suised for testing
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CHAPTER |

INTRODUCTION
Motivation for Particle Swarm Optimization

Optimization: A Brief Overview

Optimizationis thesearch fora set ofvariableghateithermaximizeor minimizea
scalarcost function f (X). Then-dimensionabecision vectg X, consists of then
decision variablesver which the decision maker has contréhe cost function is
multivariate since it depends on more than one decision variable, as is common of real
world relationships. Thdecision makedesires a more efficient method than trial and
error by whichto obtain a quality decision vectarhich is why optinezation techniques
are employed.

In general, the literature focuses on minimization since the maximum of any cost
function, f (X), is mathematically equivalent to the minimum of its additive inverse,
- f(X). In other words, any scalar function to be optimizea/ be treatedholly as a
minimization problem due tthe symmetric relatioship between the cost function and its
additive inverse across hypdane f (x) =0.

When each decision variabkeallowed to assumall real integer, or othevalues
making up ther-dimensional search spatke optimization is said tbeunconstrained
If there are further limitations on the allowable values of any decision variable, the

optimization is said to beonstrained.Boundary constraintsyhich specify a maximum



and/orminimumvaluefor any or all decision variables, are metcessarily considered to
constitute constrained optimization, though this would literally be the case.

If the Rocky Mountain Range&vith its hills and valleys, represergn
optimization functionwith the goal othe optimization problem being to firlde
geographical coordinatéisat minimize the altitude of the functioiihe bottom of each
valley and depressiomould bealocal minimunin reference tahealtitude which is the
cost f un c fThep-dindeasiovabcboudmates or decision veetowhich a local
minimum occurss called docal minimizeror local minimum pointthe decision vector
to be optimizedonsists of longitude ithe horizontadimension and latitude ithe
vertical dimension Since the godior this examplevould beto find the lowesaltitude
of the mountain rang@nemight simply head in a downward directiom the current
location which would lead hinto a local minimum; howevegnewould not necessarily
have areason tdelieve thatocationto be theglobal minimum. Local optimization(LO)
methodsseekto find a local minimunand, more importantly, its corresponding local
minimizer, while global optimization(GO) methodsattempt tdind theglobal minimum
or lowest function value, ants correspondingylobal mirimizer.

An explorercouldtry walking all overthe mountaimange recording the local
minimum (as measured by altitude) at each local mininfeeemeasured in two
dimensional space by longde and latitudein orderto find theglobal minimumand its
global minimizer but thiskind of exhaustive search would be quite inefficieAs a
more efficient example gflobalminimization consider a team of exploressarching
for local minimaindependently whilessharing information with each other via walkie

talkies: in this way, the team axplorerswould have a much better charodind the



global minimumquickly and efficientlysince each agent would be aware of the quality of
regions in various directions.

The Rocky Mountain rangevith its multiple locaiminima,is an example of a
multi-modalfunction. As an example ofumi-modalfunction,imaginearelatively
smooth crater on the surface of the motirhas its only oneninimum, whichdoes not
necessarilyequire a team of eplorers to locate

GradientBased Methods

Gradientbased opmization can be likened to axplorer with a deviceo
calculaterate of descent iany particular directiohe or shemight choose to exploria
order to determine the most feasible direction in which to sedriis device might also
approximatesecond derivativer Hessian informatigrby which to infer the rate of
descent of the already calculated rate of desddsing such derivative infonation, a
Taylor polynomial could conceivablye constructed in each direatitor our explorerso
that expected hills and valleys are generated as a contoyantthe most feasible
direction can be inferred based upon all data available in the vicidityexplorer,
though well equippedith an expected contour malpas onlyinformation about his
greatervicinity, which does not necessarily help him navigate flogiocation to the
desired global minimizef the search spaces large Regardless diow much time he
takes to calculate the curvatures in various directioma fiis immediate vicinity, hbas
very little information of valleys far from himHe may even be deceivég local terrain
and end up ahe bottom of steep valley that, based upon all available informaison
the best minimum availablaut in rality is only a local minimum tevhich the explorer

hasprematurely settled



To escapdrom the state gpremature convergence, one optiorntassimply restart
the algorithm. This is analogous to having our explorer restart his search. However,
sincethepathe f ol |l owed was derived entirely fron
on the terrain visible around him, restarting from the same position would
deterministically lead to premature convergence in the same region. This is because there
is no randomness stochasm in the algorithm to help him avoid deceit by local terrain.
Consequently, restarting a gradidyatsed search requires initilializing explorers to
different locations each time, though they could still be deceived by some prominent
topographial feature such as a steep valley.

PopulationBased Heuristis

For theseeasos, when our explorer is amidgbtentially deceitfumulti-modal
terrain, hemight benefit more from communication with other agedispersed
elsewherghan from the solitaryse oftime-consuming and deterministoalculations.

In this way, the nature of the search changes from a series of highly analytical decisions
by one agent to the synchronausvemens of multiple agents

The fact that various agents are dispetbedughout the search space allsfer
consideration of multiple regiorssmultaneouslyso that deaeby any one local region is
unlikely to occur unless all agents convergehte sameegionbefore reaching the global
minimizer, in which caset is saidthatthe agents havyerematurely convergedTl o
furtherhinderpremature convergencpopulationbasedapproachegend to employ some
form of stochasnor randomnessFor example, igenetic algorithmgGA) [1-3], the
decision vector olocationof each agent is considered to be a sort of DNA, and

beneficialrandom mutations are seized upon by offspriRgndomness, in the



algorithmic world at least, is generated by a separate algod#tied aandomizerthat
transforms each seemingly random nuntbefind eachnext seemingly random number
so that experiments can be scientifically reproduced thrtuggheterministic naturef
seemingir andomness. O

In addition to offering more resistae to premature convergence tlekn
gradientbased methods, the computational siipfiof populationbasedptimization
methodsallows progress to be made a more time efficient mannePopulatiordbased
approaches may be able to further reduce coatijpumial complexity by more easily
lending themselves to parallel processing; for exanysiggone processor per agt
mightallow one phasef the coddo beexecutedn parallel,after whichthe otherphase
would extract frone a ¢ h  angreorythénswfunction values fosimplecomparison
and write the location dhe bestagentbackto eachmemorylocationfor consideréion
by all other agentbeforere-entering the parallel phase of computations. If this could be
done, it would reduce computationnaplexity froma Big O Notationof O(s*k) to OK),
whemoe iis t he nuemdlogeda nodf fiakgoe nitss t he expected |

Heuristicapproaches have not necessarily been proven to produce the global
minimum with every triabr to be applichle in all cases. Rather, they have been
demonstrated to work well in general.

The speed of a populatidrased search heuristic can be measurédrnations
function evaluationsorreal time Since each particlevaluates its function value aach
iteration,the number of function evaluations conducted per iteration is equal to the
number of search agentEunction evaluations seem to be the most popular measure.

Real time is not generally used since the time requoedn a simulatiomn one



computermight not equal théme required on another computaraking reatime
comparisons from paper to paper practically impossibl@rthermoreteal simulation
times may varyeven on one computer dtesystem heatingnd background activity or
other ativity by the user

The time required for a function evaluati@amd therefor@lsothe time required
for an iteration which is a set of function evaluatiqriependn the computational
complexity of the algorithm, which would be better reflected by asuee of real time.
However, it is not practical to ask all researchers to use the same system for comparison,
sothe traditionafunction evaluationsvill be used hereinThe reader is cautioned,
however, that an algorithm requiring less function evétuss or iterations than another
is not necessarily faster in real time if the seemingly quicker algorithm is computationally
more complexTo compare efficiencieis real time, one couldall the different
algorithmsaccording to a cleverly alternatingtpern that might involve random selection
until the desired trial size had been collected for each algorithm; however, as mentioned
previously, such an approach would make for a standalone paper whose results would not
compare well with those of other &ots using different computers.

PSOasaMember of Swarm Intelligence

Particle Swarm Optimization (PSO) was introduged995by social
psychologistlames Kennedy amaofessor and chairman of electrical and computer

engineeringRussellC. Eberharto sinulate the natural swarming behavior of birds as

they search for foof#t]. The tesh‘unctionusedwasf(x)=\j(xl 100y \f(xz 100§ ,

which has a minimum function value of zero at Cartesian coordinates (100, 100). In

math, thiswould be called threedimensional functiomas it is graphed on the three



dimensional Cartesian coordinate syst@owever, inoptimizationthe focus ion the
number of dimensions in the decision vectimce there are twdecision variable® be

optimized thisis referred tas a twedimensional optimization problem. In other words,

this particular function hatsvo decison variables,x, and x,, to be optimizesguch that
the resulting decisiovector X, minimizes the cost functionf (X) .

Kennedy & Eberhart considered tg®balminimizer of their test functioras a
type of corn fieldandwere curious to see whether th&armof particles would
successfullyflock toward thefood. As the swarm flocked toward location (100, 1,00)
this algorithm mimicking the social interaction of swarmaorgschooling creatures was
verifiedto be aroptimization algorithm Since that time, PSO has been shown to
convergequickly relative to other populatielbbasedoptimization algorithms such as GA
while still offering good solution qualityp].

Swarm intelligencés a type oimulti-agent systerwhereby individual agents
behave according to simple rules but inteta produce a surprisingly capable collective
behavior. PSO is one form of swarm intelligence since each particle flies through the
search space by updating its individual velocity at regular intervals toward both the best
positionor locationit persorally has foundi.e. thepersonal be3t andtoward the
globally best position found bghe entire swarm (i.e. trgdobal bes). Since the function
value of each particle iteratively or regularly evaluated in order to determine which
offers thelowestfunction value and since that information affects the velocity, and by
implication the directionof every other particle; an interestingly capable collective

behavior emergesThe global bestor in some forms of PS@e neighborhood best, are



stored tca memory location that all particles access and utilize to determine their
individual velocities. This models the social act of communication.

Whil e particles begin searching bet ween
values these are not neces#ig boundary constraints since particles are generally
all owed to sear ch out srangeefvalubes. Braedonmsdfe ci si on
PSO, however, use the initial boundary values as boundary constraints to prevent
particles from exploring outsicefixed search spac€2SO has also been shown to be
applicable to constrained nonlinear optimization problfghs

While global optimizatio algorithmssuch as PSO are most naturally applied to
the optimization of multimodal cost functions, thegnoptimizeunimodal functions as
well.

Other examples of swarm intelligence are Ant Colony Optimization (ACP)
[8] [9] and Stochastic Diffusion Search (SO $Q].

Research Motivation

While populationbased hetistics are less susceptible to deceit due to their use of
stochasm and relianchrectly upon function values rather than derivative information,
they arenonethelessuscepble to pranature convergencevhich is especially the case
when there are manyedision variables alimensiondo be optimized The more
communication that occurs between agents, the more similar they tend to become until
convergingto the same region of the search spalceparticle swarm, if the region
converged to is bbcal wel containing docal minimum there may initially b hope for

escape via a sort eiomentum built into the algorithwia theinertid tern; over time,



howeverp a r t manemade@rease untthe swarm settlesito a state oftagnation
from which the bsic algorithm does not offer a mechanism of escape.

While allowing particles to continue in this state may leasbiation refinement
or exploitation following the initial phase ekploration it has been observeanpirically
that after enough time, \aities may become so small ttattheir expected rate of
decreaseeven the nearest solution may be eliminated from the portion of the search
space particles cgracticallybe expected toeachin later iterationsln traditional PSO,
when no better glmal best is found by any other particle for some time, all pasticl
converge abouhe existing global best, potentially eliminagieven the nearest local
minimizer.

Van den Berglappears to haveolved thigarticularproblem with his
Guaranteed Conveegce PSO (GCPSO) by using a different velocity update equation for
thebest particle since its personal best and global best both lie at the same pominwh
traditional PSAnhibitsthe explorative abilities of the best partictence it is so strory
pulled toward that one poinwith only its waning momeatum and acceleratigiin the
direction ofthat point keeping it exploring at 4ll1] [12]. GCPSO is thereforsaid to
guarante convergence to a local mimizer.

Thereis still a problemhowever in that particles tend to converggea local
minimizerbefore encounteringtrue global mininzer. Addressing this problem, Van
den Bergh developed mulstart PSO (MPSOWhich automatically triggerarestart
whenstagnation is detected/arious criteria for detecting premature convergemere
testedn order to avoid the undesirable state of stagndfi@h (i) Maximum Swarm

Radius which defines stagnation as having occurred when the particle with the greatest
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Euciidean distance from global best reaches a minimum threshold distance, taken as a
percentage of the originalvarm radius (ii) Cluster Analysiswhich terminates the

current search when a certain percentage of the swarm has converged to within a pre
specifed Euclidean distance, and (iDbjective Function Slopevhich records the

number of iterations over which no significant improvement has been seen in the function
value returned by the global best, and terminates the current search when that number
reaches a prespecified maximum. The first two criteria monitor the proximity of

particles to one another, and the latter monitors whether improvement has been seen
recently in the function value being optimized. Which is better seems to depend on
which isthe cause of the problem: (i) proximity of particles to one another making
exploration unlikely to impossible, or (ii) function value not improving over time. Since
the former seems to be the cause of the | at
seems like the better idea, which is consistent with the fact that Van den Bergh found the
Maximum Swarm Radius and Cluster Analysis methods to outperform the Objective
Function Slope method.

Restarting in MPSQ@efers to starting the search anew vattifferent sequence of
random numbergenerated so that even initial positions are different they were in
previous searchedgAt restart, particles lose their memories of the previous seattiatso
eachsearch is independent of thqeeviowy conducted After each independent
searchthe global best is compared to the best globaldfgstevious searclse After a
pre-specified number of restarts have completed, dstds all globalbestsis proposed

as the mostlesirabé decision vectoiound overall searches.
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Following this logic, one wondersthere might be a more efficient mechanism
by which the swarm could Arestart. o It wa:¢
space might cause unnecessarily repetitious searching of regions ecteekip contain
guality solutions. GCPSO might even allow the swarm to escape local optima if
parameters were designed with exploratory intentions, but this approach would
effectively leave the rest of the swarm trailing almost linearly behind thelbyldigsst
particleds random movements, which woul d nc¢
desirable by which the swarm could efficientbgroupin a region small enough to avoid
unnecessarily redundant search, yet large enough to eselipeontainingocd minima
in order to try to prevent stagnatiarile retaining memory of only one global best
rather tha a history of the best of them. Consequerthigre is one continuous search
with each grouping making use of previous informatiather than a serseof
independent searches.

In 1995,JameXKennedyandRussell CEberhart observed thatefich particles is
drawn towardts neighborhood begir local bestinstead of directly toward the global
best of the entire swarmarticles aréess likely to gettsick in local optimg13].
Neighborhoodsn this LbestPSOoverlap so that information about the global best is still
transmitted throughout the swarm but more slosdythatmore explorations likely to
occur before convergenceeducing the likelihood of premature convergentke PSO
literature seems to have focused primarily on global best B8@stPSO due to its
relatively quick initial convergence; however, hastyigiens may be of lower quality
than those made after due consideration,ldyvestP SO appeargenerallyto produce

higher qualitysolutionsif given enough time to do s&inceGbestPSO is more popular,
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it is often referred to simply as PSO; howe\drest PSO should not be overlooked.
LbestPSOstill suffers from premature convergence in some cases as demonstrated
somewhat severely on the Rastrigin test functiobesrchmarkwhere the standa@best
PSO also suffers.

Wanget al. applied an oppositichased learning scheme to PSO (OPSO) along
with a Cauchy mutationf the global best so that particles bss likely to beattracted to
the same positiofiL4]. The main objective of OPSO with Cauchy mutation is to help
avoid premature convgence on multmodal functions. Using oppositidmased learning,
two different positions for eactelectegarticle are evaluated he parti cl eds
position and the position opposite the center ofstiarm Only for particles at the
center of theswam are these positions the same.

Worasucheep proposed a PSO with stagnation detection and dispersien (PSO
DD) that detects stagnation by monitoring changes in mean velocity and best function
value, reinvigorates the swarm with velocities one hundred tianger than their levels
at stagnation, and disperses particles by up tetemé of one percent of the range on
each dimensiofiL5]. In this way, diversity is infused back into the system so that the
search can continue rather thastarting and searching anew. Whhestideaimproves
performance on some hehmarks, performance suffers considerably on the Rosenbrock
benchmark.

Balancing between the explorative tendenciesbafstPSO and the quick
convergence 0BbestPSO,Parsopalosand Vrahatis with their Unified PSO (UPSO)
iterativelytake a weighted avage of the velodiés proposed by ea¢h6, 17} In this

way, each particle has available for consideration its personal best, its neighborhood best,
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and t he s war Ratelesgconbeguentipeehsught of as being more
informed. However, it may be redundant for the personal best ttohsidered in both
GbestandLbestvelocitiesbefore weightingwhich could conceivably causeto be over
represented unless its so@alceleration coefficiens decreased to account this.
Rather than averaging together the two algorithms, it might be computationally simpler to
give the velocity update equation direct access to all three B¢BSO or some variant,
due to its incorporation dfbestPSO, may be able to reduce tlffeet of premature
convergence, butata haso far focused on the number of iterations necessary to
converge to a prepecified solution qualitand on theelativeperformance of UPSO
rather tharon theabsolute performance tfe algorithm which wouldindicatehow well
it avoids premature convergende approximate the global minimizand facilitate
comparison with other published results

Once the swarm has converged prematurely, there are at least five options: (i)
terminate the search and accepthibst decision vector found as the proposed solution,
(ii) allow the search to continue and hope that the swarm will slowly refine the quality of
the proposed solution, though it is likely only an approximation of a local minimizer
rather than the desireglobal minimizer, (iii) restart the swarm from new locations and
search again to see if a better solution can be found as in MPSO, (iv) somehow flag
regions of the space to which particles have prematurely converged as already explored
and restart the algibhm so that each successive search is more likely to encounter the
global minimizer, or (v) reinvigorate the swarm by introducing diversity so the search can
continue more or less from the current location without having to restart -@eareh

low qualty regions of the search space.
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Binkley and Hagiwara s v ebasedreiritiglization (VBR3hareswith Van
den Ber gthéidea d&rndaining a list of global bests at stagnatitather
than restarting on the entire search space, howeveswden is reinvigorated by
reinitializing velocities, which seems to be more efficient since the entire search space
does not necessarily need to be searched adaitihe end of the search, the best of all
global bests is returned as the optimal valBegnation here is defined as the median
velocity dropping below a prspecified thresholdThe relativelydifficult Rastrigin and
Rosenbroclbenchmarkstill present difficulty for the algorithrwhen thesearch space
consistof many dimensionglL6], which is the casef primary concern in this thesis

Research Objectives

Empirical Determination of Quality Parameters

This research firsyl searches for highuality parameters capable of performing
well in general to see how effectively proper parameter selection can prevent stagnation.
If these parameters are of high enough quality, the stagnation problem will be considered
solved. Othewise, the regrouping concept will be developed and tested using these
parameters as a basis for comparison.

Development of Regrouping Mechanism €pestPSO

The second task is tdevelop a regrouping mechanisnliberate particlesrom
entrapping local wils or otherwise deceitful terrain in order to allow continued progress

The resulting algorithm is called Regrouping P&2gPSO)
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Testing of RegPSO

Testing will be conducted on a benchmark suite consisting of commenadgal
and multimodal problers of varying levels of difficulty, including the incorporation of
noise.

Data Comparison

The results of testing will be compared with G)estPSO and_bestPSO using
somewhat standard parameteygrid to work well, (b) the higlquality empirically
deternined parametrs forGbestPSO, and (cpther approaches that have been developed
for solving the stagnation problem.

Explore Applicability of RegPSO to Simple UModal Problems

The idea of regrouping is to help the swarm escape from the state of premature
convergence, which is primarily troublesome on moltdal problems. However, the
potential applicability of the concept to the simple-omadal case will be explored as
well.

Contributions

High-Quality PSO Parameters

Many parameter combinations will bested in order to find a combination that
works well across the benchmark suiteonjunction withGbestPSQ The resulting
parameters will serve not only as a comparison basis for RegPSO but as a good means to
delay stagnation for applications which at allow sufficient time for regrouping to

take effect.
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Development of Efficient Regrouping Mechanism

A regrouping mechanism is developagdwhich to liberate particles from the
state of premature convergence sd th@loration can continue. Thisgrouping
mechanism will make use of the state of the swarm when premature convergence is
detected in order tee-organize the swarm accordingitdormation inferred from the
swarm state. The regrouping mechanism should work better than simply resiartineg
same search space repeatedly and should still be applicable to a variety of problem types.

Development of Regrouping Model Specifically for tMbdal Case

Whereas the previous contribution is expected to be useful onmuodial
functions due to & exploratory intentions, it is desirable to show the applicability of the
same mechanism to the emiodal case. It will be shown that RegPSO can have
parameters selected so as to regroup in a tiny region in order to help particles refine

solutionqualityor fAexpl oi to the proposed solution.



CHAPTER I
PARTICLE SWARM OPTIMIZATION ALGORITHM

Problem Formulation

The goal of any optimization problem is to maximize or minimizeljective

function f (X) where X is thedecision vector consisting afdimensions or decision
variablesconsistirg of real numbers Since maximization of any functioh (%) is

equvalent to minimization of- f (7() the literature generally focuses on minimization
without loss of generality.

Solution X' is a global minimizer off (X) if and only if f()?) ¢ f(X)forall X in the

domain of f (X). The unconstrained minimization problem of consideration here can be

formulated as
Minimize f (%)
(2.2)
wheref R"- R
Evolution of the PSO Algorithm

Original PSO Algorithm

The basigdea of particles searching individually while communicating with each
other concerning the global best in order to produce a moreleagalective search

applies to

17
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all forms of PSO from the originally conceived algorithm through the more
capable mods available today.
Particleswarm,as originallypublished4], consisted o& swarm oparticleseach

moving or flying through the search space according to velocity update equation

(k1) (K et (K (Y H4) srek(CGkO R @2
where

v, (k) is the velocity vector of particle at iterationk
% (k) is thepositionvector of particlei at iterationk,

B, (k) is then-dimensional personal best of parti¢ldound from initialization

through iteratiork,

g (k)is then-dimensionaglobal best of the swarm found from initialization

through iteratiork,

C, is the cognitive acceleiian coefficientso named forits er més use of t |

personal best, which can be thought of as a cognitive process whereby a particle

remembers the best location it has encountered and tends to return to that state,

C, is the social accelerian coeficient so named forits er mé6s use of the

bestwhich attractsall particles simulating social communication,

P

. (k) and T, (k) arevectorsof pseuderandom numberwith components

selected fronuniformdistribution U (0,1)atiteration k , and

Lis the Hadamard operator representhgmentwise multiplication.
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The father a particle is from its personal best, the lafger %| is and the

stronger the acceleration toward that point is expected to be. Notice that if a particular
dimension of the current position is greater than the same dimension of the personal best,
the acceleration on that dimension is negative, which st the particle is pulled

back toward that location on that dimension. Of course, this implies that when the
personal best lies ahead of the current position, the particle will accelerate in the positive
direction toward the personal best so that gasticle is always pulled toward its

personal besin each dimensionSimilarly, the &rther a particle is from its global best,

the larger|g - %| is and the stronger the acceleration is toward that pdiné social and

cognitive aceleration coefficientsg, and c,, determinghe respective strengths of those

pulls and relative importances of each best.

When each dimension of the social and cognitive tésmuultiplied by a random
number,theacceleration is not necessarily dimsttistraight toward the best. Were the
same random number used on all dimensearch pull will be straight toward its best.
Either way, particles are accelerated in two different directions at once sbeahaio not
actuallyacceleratestraight toward either best.

At each iteration, the previous velocityreduced by the inertia weight and
altered by both accelerations in order to produce the velocity of the next iteration.

Treating each iteration as aititime stepa position update equation can be stated

as

% (k+1) (K ¥(k

2.3
fori=12,--s. 23)
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fALbestd PSO

Though Eberhart and Kennedy publishedltbestversionthe same yeaasthe
Gbestversion[13], it wasGbestPSO that gained prominent@pparentlyfor its quick
initial convergencgs]. The only differencéetween the twes thatthe velocity update
eqguationof LbestPSOusesa neighborhood best rather thie global best as explained
in the research motivaticgection. fiLbest PSO often outperformSbestPSO as
demonstrated ifiableV-1 since lasty decisions often lead to a compromise in solution
quality whentakingmore time would b@ractical though for reatime implementations
or cases of limited available data, the ability to madadtime decision§ even if
imperfecti becomewaluable so thaGbestPSO may be better for such applications.

The velocityupdate equation dfbestPSO can béormulatedin vector notatioras
(k+1) (K0 er(K (R HH) sstk( (KON (9
wherel; (k) is the local or neighborhood betiterationk.

Inertia

Staticlnertia Weight & Constriction Coefficient

There is a weakness inherent in velocity update equatd®)sand(2.4) that can
be fixed by the introduction of an inertia weight. For the following derivatiork ke
be the iteration at which particles have their positions and, optionally videuities

randomly initialized. Then for any particle the velocityat iterationk =1 is

7(0=9(0) 41 (0 80(9 %9 goi{) ROKI- @9
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Sincea particle has only one positiorx (0), from which to choose in order to determine
its personal bestp (0), of necessityp (0) = X (0) and the middle term of equati¢25)
iszerg so the part i clkebenmoelsuxanctly lye expeesi ast er at i o
9(0=9(0) (9 &89 X(9 | @9)
Using(2.2) again, the velocity of particle at iterationk =2 is
V(2)=v() i () ed(d x(I geikd ojOx(} @7
Substituting the value found (@.6) for V, (1) the velocity at the second iteration

following initialization becomes

V.(2)=v,(0) e, (1) gB() %(3
ra (O)é%'(o) -%,(0) ﬂag 2.8)

with the substituted values in bold for emphasis. By velocity update eq@ag@pnthe
velocity of particlei atiterationk =3 is

v.(3)=v(2) 1 (2 g0(2 %2

. (29)
+on (2) 8(2) %(2) g
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Substituting forv, (2) the value found i1§2.8), the velocity at the thirderation

following initialization becomes

er, (1)géa (1)-% (1) &y !
1(9)=9,(0) O BOE B
452 8.2 %(2 ¢
ér, (0)ago (0)-%(0) g d (210
ro, b+, (V)o@ ()% () g
(- . . |
1+5(2) 802 x(2 g
with the substituted values in bold for emphasis.
By mathematical induction, it can be seen that
v (k+1) =(0) ¢a i(a) gitgd X9
at (2.11)

k
A, () @(a) (9 g
Because the personal bests and global best can only improve ovev?ilﬁkrel) should

rely more heavily upon recent bests than upon early values(2X&} shows that early

information in p (a< k) and §(a< k)is given just as much opportunity to affect

vV, (k+1) as is the higher quality information of later iterations sit@einformationof

all iterationss summed without any weighting schelmewhichto increase the relative
importance of the higher quality information of later iteratiofi&is problem is remedied

by introducing either an inertia weighit7, 18] wi (0,1), or constriction coeffient

[19], ¢l (0,1), intovelocity update equatiof?.2) according to

q(k+) Wy (K e(R (Y AH) estk( )Xok ) @12

or

T(keD) =gU(K e1(9 (00 AH) seh(6 koA ) @
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Equation(213), whi ch i s Type 10 o fcan®érewritedbas constr

q(kr) =Y() wi(R (08 H9)  ex k(¢ koK ) 19

which then simplifies to

Vi(k+1) =v(K eT(K (MR HH) srtk(7g kO N (219

where
c,=ccandg, =a,. (2.16)
Since(2.15) is mathematically equivalent {8.12) as a result of the acceleration

coefficients being sedrbitrarily by the user prior to executipoonverting between the
popul ar Type 10 c on $2t13) andthe samdard velecftyfupdaté e n t
equation(2.12) using the inertia weight is a straightforward process. Consequently, it
should be understood thaqjuation(2.13) offers no performancedvantage over the

standard velocity update equati@il2); however, it Bouldbe notedhat form (2.13) can

beusef ul i f one egwmiohs t o use Clercos
é 2K
N !f>4)
c=llp-r 7 4r
i
T\F, f ¢4 (2.17)
where
f=c &,
K 1[0,1]

which recommensla valuefor the constrictiorcoefficientbasedon preselected valued o
the acceleration coefficientsvheresmaller vales of K leadto quick convegence and
larger values allownore exploration.The parametersf (2.13) can then be converted to
thestandard parameters (2.12) using(2.16) and the fact thathe constriction coefficient

of (2.15) is mathematically equivalent to the inertia weight(@1.2). For mathematical

m
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analyses, one may use whichever(®fl2) and (2.13) lends itself more easily to the
desired computations since they are merely different forms of the same equation.
Equation(2.17) is basedn theoretical studies of particle trajectories, but since it
was hoped that the constriction models would eliminate the need for velocity clamping
[19], the calculations that led (8.17) did notaccount for the velocity clamping value,
thoughita f f e c t s trapeetariesi This ierdodtunately somewhat of a weakness in
the model since it appears from empirical testing that all PSO parameters arelatest
so that(2.17) would be more useful if it accounted for the velocity clamping value,
which hascontinued to be beneficial as discussed in the following section.
The same process that led(2dl 1) beginning withvelocity update equatiof2.2)

leads td(2.18) when beginningvith velocity update equatiof2.12) with inertia weight.
k

v (k+1) %7v(0) ¢q w i(a) gild X3
a=1

k (2.18)
reaw ' (a) @(a) #(9 g

So long ashe inertia weight has a magnitude less than h&8) shows thapast
personal bestare expected thave less effect onparticled s v eat iteratiorntk y1
thanmore recenpersonal bestdue to the effect of multiplicatioat each iteration by the
inertia weight, w. This makes senseonceptuallysince recent bestsboth global and
personal are expected to be of higher quality than past béstsvever, pasbests could
still have more tfect on ap a r t pverallgefosity thanrecentbestsfor a whileat the

beginning of the seardince §(a)- %( @, at least, igenerallymore significanin early

iterations when the swarmisore spread out.



25

Additionally,a p a r initialovéloeity, svhich isnot derived fromany
information but randomly initialized to lie between the upper and lower velocity
clamping values, becomes of less effect over tiffieis toomakes sense because its
main benefit is in early iterations where it praasdmomentunby whichto propel the
best particlebut after some timi effectivelybecomesaise diluting actual information.

Setting w=1would makevelocity update equatiof2.12) with inertia weight
equivalent tovelocity update equatiof2.2) without inertia weighso that(2.12) can be

accepted without a rigorous proof demonstrating its superior(®@.2p sinceit simply
provides more optionsSo long aswi (0,1), velocity updatg2.12) helps particles forget

their lower-quality past positionsn order tobe more affected by the highquality

information of late, whib seensto make more sens®mnceptually.

Time-Varying Inertia Weight

Decreasing theertia weight over timevould still allow the swarm tgradually
forget early inbrmation of relatively low qualityas inthe staticcase due totheiterative
multiplicationof all past informatiorby a fraction of on@sin equation(2.18). For the
decreasingveight, however, information is forgotten more quickly thearethe initial
value held constant. Thigne-decreasing weightingfanformation may providenore
balance between early and recentiinfation since early informatiais forgotten at a
slower rate than later informatia@lue to the usefaelatively largeweights early in the
simulation In other words, all memory is adversely affected, bottdlerm memory is
mosty affected. This potentially morebalanced weightingf early information with late
information might help the standard algorithm postppreanature convergence to

candidag solutions of later iterations when appropriate initial and final values are used.
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The decreasinmertia weight also allowsarly weighs to be larger than were a

static weight used throughout the search. This corresponds to larger velocities early in

the search than would otherwise be seen, wimal helppostpone premature
convergence by facilitating exploration early in the seardte rate of decreaseom

initial weightto final weightdepends on the expected lengthled simulatiorsince the
step size is a fraction of the total number of iterations expegotaatethe amount of

time spent in the relatively explorative phaae cetermined by the amount of time for
which the decreasing weight is larger than the value that would have been used for a
static weight, also depends on the expected length of the simulation. TFaldhdws

data generated by decreasing the inertia wejgddually from 0.9 to 0.4 over the course
of 800,000 function evaluations.

Increasing the inertia weighon the other handyould cause past information to
be forgotten more rapidly than recent informatoue to the weighting distributionhus
tremendaisly increasing the importance tife higher quality information of late
iterations For the right range of valuejg could conceptually leatb quicker initial
convergencelue to less diversity being maintaindéwwever, thicould adersely affect
solution qualityon difficult functionsby upsetting the balance between exploration and
exploitation.

Quick convergence is desirabden successfully converging taybobal
minimizer, but it is undesirabl@hen the search is so hasty as to converge pueetato
a local minimizer. Thre is a delicate balance to achiaverder to searckfficiently yet

thoroughly. The timevarying weight &#empts to improve that balanas inferredrom

equation(2.18), which shows that at anyiteratia par t i c| e 0 stheresdltoci t y

V
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of weighted attractions towaghst informatiopnwhichframesa timevarying inertia
weight asaffecting the balance between tlages of shorterm and longerm
forgetfulness.

The firststudyto vary the inertia weighdecreased with the idea that this would
help particles converge upon and refine a solutipneducing velocities over timeT his
appeaedto work better over #thirty trials conductefl7]; but with only one
benchmark tested, it onceivable that this might have beecharacteristic othat
particular benchmarkyhich would be consistent with the findings of Meissner ¢2él,
who used particle swarm to optimize its own parameters with very diffeaeateters
beingproposed per benchmairkincluding an increasing inertia weight on some
benchmarksind a decreasing weight on othegncethat experimentisedGbestPSQ
whichtends to stagnateefore reaching a global minimizehe parameter combinations
recommended are likelyot ideal, though they may be approximationgudlity locd
minimizers

Whereag20] found an increasing weight to outperform on some benchmarks,
[21] suggested that an increasing inertia weight outperformed on all benchmarks tested
however, a different formulation of PSO was used so that the quicker convergence
claimedcould notbe attributed to the increasing weight alone. In an attempt todege
the results of21] using standar@bestPSO, increasing the inertia weight from 0.4 t0 0.9
with the sane swarm size of 40 particles, acceleration consfad@618, and.,000
iterationsasused in the papeesuted in worse performance on all nihbenchmarks
relativeto decreasing the weight from 0.9 to O'Hherefore, decreasing the weight

appears bettghan increasing ,itat leasfor the rage between 0.9 and 0.4Vhen the
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static weight was comparéd decreasinghowever, only the Ackley and Rastrigin
benchmarks saw much improvement from decreasing the weighpeafcimance on
Rosenbrock sufferelom the decrease, so thdgcreasing the inertia weight is not
always best as can be sésncomparing the data diablell -2 with that of Table II1.

It is noteworthy that Naka and Fukuyama showed a decreas®ffotm 0.4 to
considerably outperform dezases from 2.0 to 0.9 afrdm 2.0 to 0.4 on their particular
state estimation problef2], but they did not generate any comparison data ubkeng
static inertia weight.Table Il-1 and Table H2 compare the performance of static and
decreasing inertia weightsn some popular benchmark problems

Velocity Clamping

Eberhariand Kennedyntroduced velocity clamping, which helps particles take
reasonably sized stepsorderto combthroughthe search space rather than bouncing
aboutexcessivel\13]. Clerc had hoped to alleviate the need for velocity clamping with
his constriction modelgl9]. Eberharthowever, testedonstrictionT y p e (2.13)6afbng
with velocity clamping and showed clampit@improveperformance evewhen
parameterareseleced according t¢2.17) [18]. Clerc then compared equati(ihl3)
with velocity clampingo his other constriction modelgthout velocity clampingand
concurredhatvelocity clampingdoes offer considerable improvement even when
parameters are selected accordin(Rtd7), so that he constriction models have not
eliminated the benefit of velocity clampind9]. Consequently, velocity clamping has
become a standarddture of PSO.

Velocity clamping is done by first calculating the ramgé¢he search spaan

each dimensionwhich is dondy subtracting the lower bound from the upper bound
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For example, if each dimension of the search space isedtiy lower and ygerbounds
[-100,100], the range of the search space is g&0dimension Velocities are then
clamped ta percenage of that rangaccording to

v =/ fange( )V

/1 (0,1] (219

where

rangg (W) =¢’ .
forj=21,2;--n (2.20)
and search space/ , definediin 2.

Forthe commonly usedlamping value 00.5,if the center of the s&ch space
lies at the origin oEuclidean spaceéhe maximum velocity issimplythe uppe bound of

the search spactor example, a search spatefined by[-100,100] on any dimension
would havev[™ =100. However, it is not desirable to definearimum velocity

explicitly in terms of the uppebound of the search space since this assumeththat
origin of Euclidean space will always betherthe centeor lower bound bthe intended
search space shat theupper bound is proportional to thenge to bexploredi neither

of whichis necessarily a valid assumptisimce somepgication problemsave decision
varnables, such as lengttefined only for positive values, the lower bound of which may
not even be zeroConsequently, it is preferalii@define the maximum velocity more
generallyin terms of the range of the search spae@(2.19). If, for example, particles
are initialized on100, 3®] for any particular decision variahlthey should logically

have the same maximum velocity as if tivegreinitialized on 100, 100] since the

same distance expectedo be traversed in either case.
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The same maximum velocity should be applied in both the positive and negative
directionsin order to avoid biasing the search in eithergbsitive or negative direction
The followingpseudo code shows how velocities proposed by velapitiate equation
(2.12) are clamped prior to usage in position update equé2iGh
if vy (K+1) ™
v (ked) =
else ifv, (k+ 1 < ™

v (ke1) =
end if

Figure 11 -1: Velocity Clamping Pseudo Code

As noted by Engelbrecfi23], c¢cl amping a particlebds velc
stepsi ze, but wusually al so t he omponentiofal ebs dir
vector changesthate ct or 6 s di r eanpdnenthouldmdpges te bee a ¢ h
reduced by the same percentage. This should not be thought of as a problem, however,
since ach dimension is to be optimized independently, and the particle still moves
toward the global bestn each dimensigithoughata lessntensespeed Since the
maximumiterativemovement toward global best on any dimension is clamped, particles
may be tlought of as combing the search space a bit more thorotlgirywere their
velocities unclamped

Thoughthe same velocity clamping percentaddifty percentis used in most
papers for sakef comparison, the valudoes not appedo have been optimizecy Liu
et al suggested a value of fifteen perded{, which has beeempirically verified to

work well asshown inTable II-1 and Table H2.



Table Il -1: Effect of Velocity Clamping Percentage with Static Inertia Weight
GbestPSO; 800,000 function evaluatiorssy 20, c1 = ¢c2 = 1.49618y = 0.72984
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Benchmak n / =0.15 / =05 / =1 Without Vel.
Clamping
Median: 2.4952 3.1206 3.6812 3.6544
Mean: 2.5311 3.6524 3.9281 4.003
Ackley 30 Minimum; 4.440%-15 1.5017 0.9313 1.6462
Maximum: 5.4122 7.0836 7.8162 9.6772
Std. Dev.: 1.0969 1.4975 1.6167 1.8326
Median: 0.040416 0.049122 0.052756 0.042845
Mean: 0.1182 0.055008 0.12784 0.070346
Griewangk 30 Minimum: O 0 0 0
Maximum: 2.2675 0.15666 0.95838 0.46229
Std. Dev.: 0.3289 0.044639 0.21229 0.094686
Median: 1.907&-80 1.6824-79 4.450&-79 9.106&-80
Mean: 4751374 4.182e-75 4.090%-75 2.431%-76
Quadric 30 Minimum: 1.3422-84 4.146-84 2.253-83 6.392@&-84
Maximum: 1.46%-72 2.073273 1.864@&-73 1.120&-74
Std. Dev.: 2.4174-73 2.931474 2.6362-74 1.584%&-75
Median: 0.0016193  0.00272 0.0023147 0.0030738
Quartic M_ea_m: 0.0027877 0.0039438 0.0044615 0.0053736
with noise 30 Mlnl_mum: 0.00042632 0.00060861 0.00077887 0.00069323
Maximum: 0.016272 0.019695 0.067881 0.031762
Std. Dev.: 0.0030928 0.0040209  0.0095446  0.0063947
Median: 51.7378 70.64194 75.11921 83.0789
Mean: 56.1753 71.63686 75.81567 83.636
Rastrigin 30 Minimum: 24.874 42.78316 38.80337 41.7882
Maximum: 91.536 116.4097 133324 136.3089
Std. Dev.: 14.4256 17.1532 22.04992 19.63376
Median: 1.609%9 5.3554&9 2.3490&-8 4.828e-9
Mean: 1.2763 2.06915 1.49279 1.87934
Rosenbrock 30 Minimum: 1.7652-17 2.6898@-18 1.241¥18 3.0577%-19
Maximum: 9.9657 13.315 10.101 18.6845
Std. Dev.: 2.1661 3.1387 2.42602 3.60868
Median: 0 0 0 0
Mean: 0.0038864 0.0033034 0.0025261  0.004275
Schaffer2 Minimum: O 0 0 0
Maximum: 0.0097159 0.0097159  0.0097159 0.0097159
Std. Dev.: 0.0048081 0.0046492  0.004305 0.0048718
Median: 0 0 0 0
Mean: 4,6936e322 2.4703e323 0 6.4229e323
Sphere 30 Minimum: O 0 0 0
Maximum: 2.332e320 8.745e322  3.4585e323 2.7223e321
Std. Dev.: 0 0 0 0
Median: 0 0 0 0
Weighted Mga}n: 5.0889e322 1.0869e€321 6.9169e323 4.1007e322
Sphere 30 Mlnl_mum: 0 0 0 0
Maximum: 2.4012e320 5.3903e320 15563e321 1.6601e320
Std. Dev.: 0 0 0 0
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Clamping velocities to fifteen perceptovided noticeably better performanoe
median and mean values multi-modal functions of high dimensionshere cautios
step sizes in light of new information proved most benefiGalewangkwas the
exceptionsinceone poorly performing trial significantly affected the mean function
value. Smaller step sizeeem to havlelped avoid premature convergence to-sub
optimal, local minimizerslt appears thahe standardelocity clamping value of fifty
percentwidely used in the literature can be improved upou,fdteen percent seems to
work wellinagr eement wi t hbased apdirsarilydifferent berechimid® n
of low dimensiong24].

To determine if fifteen is also a good clamping peragaia conjunctiorwith the
linearly decreasedeight,each trial was repeated Trable 1I-2 usingthe same initial

positiors andsequencgof randomnumberaised to generate each rowTablell -1.
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Table Il -2: Effect of Velocity Clamping Percentage wittDecreasinglnertia Weight
GbestPS0;800,000evaluationss= 20, c1 = c2 = 1.49618» from 0.9 to 0.4linearly

Benchmark n / =0.15 / =05 /=1 Without Vel.
Clamping
Median: 7.993@&15 7.993&15 7.993&-15 2.36167
Mean: 1.11914 1.019&14 9.414%-15 3.58269
Ackley 30 Minimum: 4.440%-15 4.440%15 4.440%-15 3.996&-14
Maximum: 4.352k-14 2.93%k14 2.2204-14 20.8328
Std. Dev.: 8.064&-15 4.914%-15 3.2892-15 3.77189
Median: 0.012319 0.022141 0.01109 0.01723®
Mean: 0.022023 0.028174 0.018645 0.025321
Griewangk 30 Minimum: O 0 0 0
Maximum: 0.090322 0.11254 0.11942 0.11743
Std. Dev.: 0.024071 0.027334 0.023904 0.02732
Median: 1.2644-17 3.676el7 3.837%16 1.3274e-15
Mean: 2.318%14 1.407¥12 8.57%13 8.908%11
Quadric 30 Minimum: 2.621%22 1.0224-22 9.158&-20 7.055%21
Maximum: 8.6952-13 5.072%11 1.671%11 4.01829
Std. Dev.: 1.243&-13 7.603%&12 3.3624-12 5.693%-10
Median: 0.0015335 0.0019085 0.0022996 0.0024834
Quartic M_ea_m: 0.0015241 0.0021906 0.002396 0.0028831
with noise 30 M|n|_mum: 0.00033276 0.00086674 0.00081094 0.00075789
Maximum: 0.0028314 0.007024 0.0071013 0.0078216
Std. Dev.: 0.00065649 0.0010925 0.0013029 0.0015665
Median: 24.3765 25.8689 30.3462 40.7933
Mean: 25.252 27.4808 31.4805 42.6439
Rastrigin 30 Minimum: 13.9294 8.95463 10.9445 18.9042
Maximum: 42.7832 48.7529 57.7075 72.6317
Std. Dev.: 7.06661 8.29488 9.95111 11.5052
Median: 8.63847 8.655254 6.576994 11.81142
Mean: 18.859 23.60514 16.49861 29.77723
Rosenbrock 30 Minimum: 0.000292151 5.062084¢é5 3.950323é5 8.374797e6
Maximum: 81.5558 143.8422 103.6101 571.7925
Std. Dev.: 25.9117 32.00213 24.48977 82.17547
Median: 0 0 0 0
Mean: 0 0 0 0
Schaffe?2 Minimum: O 0 0 0
Maximum: O 0 0 0
Std. Dev.: 0 0 0 0
Median: 2.8331e106 9.4358e106 1.5402e104 1.4202e101
Mean: 1.083494  1.593%88 1.534%-90 1.6172-90
Sphere 30 Minimum: 6.4959e117 1.0629e123 8.4934ell15 3.1766el114
Maximum: 4.88%-93 7.96%-87 7.503&-89 7.945%-89
Std. Dev.: 6.931%94 1.12%87 1.061e-89 1.1233%-89
Median: 9.6085e104 1.0392e102 3.1051e103 3.803%&99
Weighted Mgaa}n: 4418293 6.174¥91 4953296 7.18%-90
Sphere 30 Minimum: 7.6884-121 5.7277ell5 1.4453ell5 5.6992e112
Maximum: 1.607&91 3.086&89 1.505%-94 3.553@-88
Std. Dev.: 2.394F92 4.3654-90 2.459295 5.024&-89
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On Rastrigin and the noisy Quartic, results were ageaiitebfor velocities
clamped to fifteen percent of the range of the search space, which was the best percentage
from Tablell-1. The best results on Rosenbrock in conjunction with the decreasing
weight were obtaied by clamping velocities @ maximum step size equal to tiaé
range of the search space, whitfiers from what wasseen inTablell-1. Other
performancaifferences were naif considerable magnitudd-ifteen percent appears to
be the best velocity clampinglue for most of thbenchmarks tested fable I-1 and
Table II-2.

Comparison betweenable 1-1 and Table H2 showsthaton thesimpleuni-
modal QuadricSphere, and Weighted Sphérenchmarksas wdl as on the more
difficult, uni-modal Rosenbrockhe decreasinmertia weight had an adverse effect on
performance, whereasonthe muito dal Ackl ey, Gri ewangk, Ras
and the essentially muthodal Quartic with noise, the decreagineight improved
performance.lt was observed by comparing the nunguriterations requed to
producea smallfunction value that the static weightoduced quickeconvergence
across the benchmark syibait this quicker convergence in tuad to sagnationon
multi-modal functionsooner than did the slower convergence achieved byneealy
decreasedveight This meanghat theweighting of past informatiomia the time
decreasing inertia weigit problemdependent where the balance achieved by
decreasing the weight was best felatively difficult multi-modalfunctionsfor which
the increased exploration resulting from a larger weight in early iterations proved
beneficial while the quicker convergence of the static weight was betténdampler,

uni-modalfunctions.
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StandardiGbesb PSO

Objective
Elaborating or(2.1), repeated below for conveniencketoptimiation problem

consdered hereiris to

minimize f (X)

f:R'- R
where f is the objective function, or cost function, of an application problem. The
decisionvector, xi R',consists of then decisionvariablesto be optimized, thus
producing the most desirable function valuedecision vector is called trgdobal
minimizerif it produces the optimal function value calliede global minimum Even

though(2.1) is considered an unconstnaid optimization problenin practice only

solutions belonging to a subsél ER" are consideed feasibleThesearch space is

defined by a subset

W=, X 28X, X g2 g%, X g R (2.22)

where ij and x]-U are, respectively, the lower and upper bounds of the search space along

dimensionj for j =1,2:--n.

Initializations
For aparticleswarm of sizes, each particle X =[>$l, X >,<n] , represents a
potentialsolution to the optimization problem where particles are indexed4as2, - s.

The swarm is initialized by randomizing parti€l@ositionsabout thecenter,center, of
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the search spac§V, using random numbers drawn from a uniform distribusorthat no

portion of the search space is preferogdr any other as would result from random
numbers being drawmdm a normal distributionThis can be done according(@?22)

below.

% (k=0) =center ¥ rehgé ) QZNH@) W

wherer; :gL [, oy @With

r, I U (0,2) randomly selected. (2.22)
ex’ n a

center:éX1 tH ,)é % L X b
& 2 2 2

which is usually known in agénce rather than calculat

The personal bests are then initialized to be the same as the initial positions since

there are no past positions with which to compare:
p(k=0) =x(k §. (2.23)
Let P(K) :{ PR, BB, R( Ié} be the set of all personal beststataion k. In Gbest

PSO, the global best is initialized and iteratively updated to be the best of all personal

bests according to

g(k)=argminf(p (k). (2.24)
p (k)i A(K

The value of each part i islnigalysandomitedtoi t y al

lie within g-vz‘“"x,\/jmaX according to
v (k)=2F O v
wheref, =[r, 1, ,..ry] with (2.25)
r, 1 U (0,1) randomly selecte
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and subsequently clamped to lie within the same range since pastiolélsl only need to

step through some maximum percentage of the search space per iteration. Before

velocity clamping was implemented, particles were prone to roam far outside the bounds

of the search spa¢25]. The value o/ is selected as a percentade,of the range of

the search space along dimensiprmccording tq2.19) and(2.20) repeated belo26].

v =/ range( W
/10,1

L

rangg (W) =x %
forj=1,2;--d.

range W represents the range of search spétalong dimensionj, whereW can be
thought of as the hypesbe to be searched, witiange (V\/) being the length of that

hypercube along dimensiop The velocity clamping percentagé,, is usually chosen

within range0.1¢ / ¢0.£.

Iterative Swarm Motion

Iteratively, particlei moves from its current gition to a new position along
velocity vector, V, =[Vv, vy ,--+, ¥ ], according tgoosition update equatid@.3) restatel

below, where the rate or velocity may be thought of as being multiplied by a unit time

step of one iteratian

X (k+1) (K ¥(k
fori=1,2,-- 5.

The velocity is first calculated accorditgvelocityupdate equatio(2.12),

restated below.
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U (k+1) (K e7 (WK X(4) 7ol b0 K
fori=1,2;--s
As the stepping processcording to velocity and position update equati@ik2)
and(2.3) continues, particles update their personatdas they encounter better
positions than encountered previousht any point in time, the best of all personal bests
i's the swarmdéds gl obal best shared freely be
via their communication of the global besidacollective movement toward it, to the one
best position they ha/found The algorithm can be allowed to run either for a number
of iterations expected to produce a good solution or until asmssrified criterion or
threshold is reached.

Each partite keeps a memory of ifgersonal best (k), for its own

consideration; this is the-dimensional location, or position, that has produced the best
functionvalueovet he particl eds sear c.ltEachpersondlgsh t he ¢
is updated only when t he Kkpbhyieltdsiabditer fusdnnew p o s

value than does thgersonal best at iteratidk as shown below.

B (k+1) g (2.26)
1

(k+2) it F(%(k 1)) <(D(K)
'9

X
p(k) if f(x(k+1)) 2f(p(K)

In GbestPSOtheglobal best §(k), is iteratively updatedccording to the same equatio
(2.24) by which it was initialized Itist hen fAcommuni catedo via sha
memory to all particles for consideration.

The effects of the inertial ten, cognitive term, social term, and velocity clamping

percentage on particl es6-3thredgloFigureirors i s i | |
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swarm sizes =10, acceleration constants =c, .49618inertia weight
w=0.72984and velocity clamping percentage=0.15. The acceleration coefficients

and inertia weight were obtainéd7)PRf.om Cl er «
The velocity clamping value was selected following the suggestif#f#jrand since it
worked well withGbestPSO inTable II-1 and Table H2, though the benchmarks in

these tables were of much higher dimensiondliign used if24].

Objective Function Value

\

' /7
Problematic local minima

True global minimum occurs at (0, 0)

2 x1

Figure 1l -2: Rastrigin Benchmark Used for 2D lllustration



Figure 1l -3: Swarm Initialization (Iteration 0)
Positions and velocities are randomly initialized. Personal bedtthan
global best are initialized accordingly. Particles 1 and 3 are selected to

visually illustrate how velocities update and are clamped.

Figure 1l -4: First Velocity Updates (Iter. 1)
The randomly initialized velocities of iteration O decreasetwsinertia

weight, and particles accelerate toward the global best of particle 6. Tt
no cognitive acceleration since all particles are initially at their personal
The black resultant vectors stem from clamping on each dimension.
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